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We prove global existence in time of weak solutions to the Penrose]Fife model
when the heat flux is given by the Fourier law, and the homogeneous free energy
density by the classical double well potential. The main feature of these weak
solutions is the almost everywhere positivity of the absolute temperature through-
out time evolution. Q 1998 Academic Press
1. INTRODUCTION
w xIn 10 , O. Penrose and P. C. Fife proposed a thermodynamically
consistent phase-field model to describe the kinetics of phase transitions in
binary systems. This model involves an order parameter f which is the
.state variable characterising the phase and the absolute temperature u
 .u ) 0 . Under some structural assumptions on the free and internal
energy densities, they derive the following system of partial differential
equations,
lX f .
X2tf y j Df q s f s in V = 0, q` , 1.1 .  .  .t u
1
Xcu q div k f , u = s l f f in V = 0, q` , 1.2 .  .  .  .t t / /u
N  .where V is a bounded open subset of R 1 F N F 3 with smooth
boundary G, t , j , and c are positive real numbers, s is a double well
potential, and l is a quadratic polynomial.
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The heat flux q is here given by
1
q s k f , u = , 1.3 .  . /u
 .for some nonnegative function k ., . .
 .  .When investigating existence of global in time solutions to 1.1 ] 1.2 ,
the first mathematical difficulty encountered arises from the presence of
the inverse temperature in the equations. More precisely, given a positive
initial temperature distribution, a natural question is whether the tempera-
ture distribution will remain positive or not through time evolution so that
.the inverse temperature makes sense or not . At this point, let us mention
that no maximum principle, which would guarantee the positivity of
 .  .temperature, seems to be available for 1.1 ] 1.2 .
Several authors have investigated existence of global in time solutions to
 .  .  . w x1.1 ] 1.2 when k f, u s const.) 0 13, 12, 6, 7, 5 . In this case, there is
 .a balance in 1.2 between the positive power of u in the time derivative,
and the negative power of u in the heat flux q, which yields global
 .  .  .existence in time of solutions f, u to 1.1 ] 1.2 with positive tempera-
ture u . Some extensions of the above results to more general functions
 .  . w xk f, u s k u may be found in 8, 3 , but they still rely on the above0
 .mentioned balance in 1.2 .
However, in their original model, O. Penrose and P. C. Fife assume that
the heat flux q is given by the Fourier law, namely
q s yK =u , K ) 0, 1.4 .
 . 2  .which corresponds to k f, u s Ku K is a positive real number . In this
 .case, it seems that the only Eq. 1.2 cannot guarantee the positivity of
 .  .temperature, and thus the existence of a solution to 1.1 ] 1.2 , for all
 .  .times. The question under consideration is then whether 1.1 ] 1.2 has a
 .  .global solution f, u satisfying for each T g 0, q` ,
w xu x , t G m ) 0, x , t g V = 0, T , .  .T
provided that the initial temperature distribution u satisfies0
u x G m ) 0 for all x g V . .0 0
 .Though we are not able to give a positive or negative answer to the above
 .question, we show in this note that, when the heat flux q is given by 1.4 , it
 .  .  .  .is possible to construct a global in time weak solution f, u to 1.1 ] 1.2
for some choice of the data, but the temperature distribution u only
satisfies
u x , t ) 0 for almost all x , t g V = 0, q` . .  .  .
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More precisely, we consider the problem
b
2 3tf y j Df q a f y f s in V = 0, q` , 1.5 .  . .t u
cu y K Du s bf in V = 0, q` , 1.6 .  .t t
­f ­u
s 0, s 0 on G = 0, q` , 1.7 .  .
­n ­n
f 0 s f , u 0 s u in V , 1.8 .  .  .0 0
where
 .A1 t , j , a, c, and K are positive real numbers, and b g R, b / 0,
 . 1 .A2 f g H V ,0
 . 2 .A3 u g L V is positive almost everywhere in V, and0
ln u g L1 V . .0
We now state our result.
 .  .  .THEOREM 1.1. Under assumptions A1 ] A3 , there exist functions f, u
such that, for each T ) 0,
 . 1, 2 2 .. ` 1 ..  .i f g W 0, T , L V l L 0, T , H V , f 0 s f ,0
 . 1, 2  X . ` 2  .. 2  1 ..ii u g W 0, T , V l L 0, T , L V l L 0, T , H V ,
 .u 0 s u ,0
 . 1 .iii u ) 0 a.e. in Q , and 1ru g L Q ,T T
and satisfying
bT T3 2tf q a f y f h q j =f =h dx ds s h dx ds 1.9 . . .H H H Ht ? u0 V 0 V
2 1 .. ` .for any h g L 0, T , H V l L Q , andT
T T T
X :c u , h ds q K =u =h dx ds s b f h dx ds 1.10 .H V , V H H H Ht ? t
0 0 V 0 V
2 1 ..for any h g L 0, T , H V .
 . X 1 .Here, Q s V = 0, T , V denotes the dual space of V s H V , andT
 : X X. ,. , the duality pairing between V and V .V , V
 .  .We do not know whether there is uniqueness of solutions to 1.5 ] 1.8
in the class described in Theorem 1.1. In fact, we have not been able to
obtain more regularity for the inverse temperature 1ru which only lies in
1 ..L Q . Any improvement in that direction would certainly open the wayT
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to additional results along the directions of positivity of temperature and
uniqueness. Also, Theorem 1.1 is not likely to extend to a wider class of
X  . nonlinearities s in 1.1 at least in space dimension 3, see Remark 2.6
.below .
 .  .  .Remark 1.2. The solution f, u to 1.5 ] 1.8 we construct in Section 3
2 1 ..actually enjoys the additional property that ln u g L 0, T , H V for
 .each T g 0, q` .
The remainder of this paper is devoted to the proof of Theorem 1.1: in
 .  .the next section, we introduce suitable approximations of 1.5 ] 1.8 , and
derive some uniform estimates for their solutions. The key point of this
section is an estimate of the inverse temperature in some Orlicz space,
 .which will allow us to pass to the limit in the right-hand side of 1.5
 .Lemma 2.5 . We may then extract a subsequence that converges to a pair
of functions satisfying all the requirements of Theorem 1.1. This is done in
the final section.
2. A REGULARISED PROBLEM
Before introducing the regularised problem, we have to find suitable
 .approximations of the initial data f , u . This is done in the next lemma.0 0
 n n. 2 2 .LEMMA 2.1. There exist sequences f , u g H V, R and a positi¨ e0 0
< < 1 < < 2 < < 1constant c depending only on V, f , u , and ln u satisfy-H V . L V . L V .0 0 0 0
ing
< n < 1 < n < 2lim f y f q u y u s 0, 2.1 . .H V . L V .0 0 0 0
nªq`
1
nu x G , ; x g V , n G 1, 2.2 .  .0 n
< n < 1 < n < 2 < n < 1f q u q ln u F c , n G 1. 2.3 .H V . L V . L V .0 0 0 0
 n.  .  .Proof of Lemma 2.1. The existence of f such that 2.1 and 2.30
2 . 1 .hold follows at once from the density of H V in H V , while the
n .  .  .existence of u such that 2.1 ] 2.3 hold is given in the Appendix.0
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For each integer n G 1, we consider the following initial-boundary value
problem:
b3n 2 n n nt f y j Df q a f y f s in V = 0, q` , 2.4 .  .  . .t nu
1 1
n n nc u y K D u y y s b f in V = 0, q` , 2.5 .  .t tn n /nu nu
­f n ­ 1
ns 0, u y s 0 on G = 0, q` , 2.6 .  .n /­n ­n nu
f n 0 s f n , u n 0 s u n in V . 2.7 .  .  .0 0
PROPOSITION 2.2. For each integer n G 1, the initial-boundary ¨alue
 .  .  n n. nproblem 2.4 ] 2.7 has a unique classical solution f , u with u ) 0;
more precisely,
n n 2, 1 2f , u g C V = 0, q` , R = 0, q` l C V = 0, q` , R . . .  .  . . .
wThe proof of Proposition 2.2 is similar to that of 5, Proposition 4; 12,
xSect. 3 and we omit it here. The local existence in time and uniqueness of
 .  .the classical solution to 2.4 ] 2.7 follow from the general theory of
w x w x `H. Amann 1 . Global existence is then a consequence of 1 and L -esti-
n n n wmates for f , u , and 1ru which are derived in the same way as in 12,
xSect. 3; 5, Sect. 3 . The main difference being worth mentioning here
w xoccurs in the proof of the counterpart of 5, Lemma 6 . Indeed, one shall
 .  n . differentiate 2.4 with respect to time and multiply it by f rn insteadt
n.  .  n  n..   n. .of f , multiply 2.5 by u y 1r nu instead of y1ru , andt t t
 .integrate the sum of the resulting identities over V = 0, t to obtain
w xestimates similar to those of 5, Lemma 6 . Notice also that it follows from
Proposition 2.2 that for each integer n G 1 and T ) 0, there exists a
 .positive real number a n, T such that
n w x0 - a n , T F u x , t , x , t g V = 0, T . .  .  .
 n n.We now derive some estimates satisfied by f , u uniformly with
respect to n G 1. In the following, we fix a positive real number T , and
denote by C and C any positive constant depending only onT T




` 1 2 ` 1< < < < < <f q f q u qL 0 , T , H V .. L Q . L 0 , T , L V ..t T n 2 1’   ..un L 0, T , H V
< n < ` 1 < n < 2 1q ln u q ln u F C . 2.8 .L 0 , T , L V .. L 0 , T , H V .. T
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2 .  .Proof of Lemma 2.3. We take the scalar product in L V of 2.4 with
n  .  n.f , of 2.5 with 1 y 1ru , and add both; this givest
d j 2 a 222n n n n< <=f q f y 1 q c u y c ln u dx . .H  /dt 2 4V
2 21 1 1 12 2n n< < < <q t f dx q K = ln u q = dx q dxH H Ht n n /  / /n u n uV V V
1 1
ns b f dx q dxH Ht nn uV V
2t 1 12n< <F f dx q dx q C ,H Ht Tn /2 2n uV V
 .  .thanks to the Young inequality. After integration over 0, t , t g 0, T , we
1 .infer from the Poincare inequality, the continuous embedding of H V inÂ
4 .  .L V , 2.3 , and the above inequality that
j 2 a 222n n n n< <=f t q f t y 1 q c u t y c ln u t dx .  .  .  . . .H  /2 4V
2t C 1t tT2 2n n< < < <q f q K = ln u dx ds q ds F C .HH Ht Tn / 1 .2 n u H V0 V 0
2.9 .
We also have
< n < n nln u t dx s y ln u t dx q 2 ln u t dx .  .  .H H H
n  . 4V V u t G1
1n n nln u t dx F u t y ln u t dx q C . 2.10 .  .  .  . .H H T2
V V
 .  .Combining 2.9 and 2.10 , and using the Young inequality yield
< n < 2 < n < 4 n < n <=f t q f t q u t q ln u t dx .  .  .  . .H
V
21 1t t2 2n n< < < <q f q = ln u dx ds q ds F C . .HH Ht Tn 1 .n u H V0 V 0
 .Now, 2.8 follows from the Poincare inequality and the above inequality.Â
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We next derive estimates for u n.
LEMMA 2.4.
< n < ` 2 < n < 2 1 < n < 2 Xu q u q u F C . 2.11 .L 0 , T , L V .. L 0 , T , H V .. L 0 , T , V .t T
 .Proof of Lemma 2.4. Let t g 0, T , and take the scalar product in
2  ..  . nL V = 0, t of 2.5 with u ; this gives
2nc 1 =ut2 2n n< < < <u t dx q K =u q dx ds .H HH n /2 n uV 0 V
c t2n n n< <F u dx q b f u dx ds q C .H HH0 t T2 V 0 V
 .  .We now use 2.3 , the Young inequality, and 2.8 , and find
c t t2 2 2n n n< < < < < <u t dx q K =u dx ds F C q C u dx ds. .H HH HHT T2 V 0 V 0 V
Using the Gronwall lemma, we obtain
< n < ` 2 < n < 2 1u q u F C . 2.12 .L 0 , T , L V .. L 0 , T , H V .. T
 .  .  .  .Now, 2.11 follows from 2.8 , 2.12 , and 2.5 .
We finally derive an estimate for the inverse temperature.
LEMMA 2.5.
1 1
ln F C . 2.13 .Tn n / 1u u  .L QT
 .Proof of Lemma 2.5. We first infer from 2.8 that
qn 2 1< <yln u F C , 2.14 .  .L 0 , T , H V .. T
where zq denotes the positive part of z.
 .It follows from 2.4 that
qnyln u .T n n2 2< < < < < <b dx ds F t ln u fH H L Q . L Q .tT Tnu0 V
q2 n n2 2< < < <q j =f = yln u .L Q . L Q .T T
< n < 2 < n < 3 6 < n < 2q a ln u f q f .L Q . L Q . L Q . .T T T
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 .  .We then infer from 2.8 , 2.14 , and the continuity of the embedding of
1 . 6 .H V in L V that
qnyln u .T
dx ds F C . 2.15 .H H Tnu0 V
 .  .It now follows from 2.8 and 2.15 that
n n1 1 ln u yln u
ln F dx ds q dx dsH Hn n n n / n n1u u u u 4  4 .L Q u G1 u F1T
qnyln u .
n< <F ln u dx ds q dx dsH H nn n u 4  4u G1 u F1
qnyln u .Tn 1< <F ln u q dx dsL Q . H HT nu0 V
F C ,T
 .hence 2.13 .
Remark 2.6. As already mentioned in the Introduction, the estimate
 .2.13 is the key point of the proof of Theorem 1.1; since it provides the
 n. 1 .uniform integrability of the sequence 1ru in L Q we will use itnG1 T
 .to pass to the limit in the right-hand side of 2.4 . Notice that in order for
 .2.13 to hold true, we need to be able to control each term of the
 .  n.3 n.left-hand side of 2.4 , including a f y f which corresponds to
X n.  .  .s f with the notations of 1.1 ] 1.2 . Consequently, the above method
 .  . X .does not seem to extend to the general case 1.1 ] 1.2 when s f s
 3 . Xa f y f is replaced by either a smooth function s growing faster than
3 X  w x.f or by singular or multivalued operators s such as see, e.g., 10, 6, 7
1 q f
Xs f s ln y 2f , f g y1, 1 , .  . /1 y f
or
¡ y2, q` if f s 1,.
y2f if f g y1, 1 , .X ~s f s .
y`, 2 if f s y1,¢
B otherwise.
w xNevertheless, a result similar to Theorem 1.1 is obtained in 9 for
 .  .  .  .1.5 ] 1.8 when the right-hand side of 1.5 and 1.6 are replaced by
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X .   ..l f ru and l f , respectively, for some concave function l witht
X 1, ` .l g W R .
3. PROOF OF THEOREM 1.1
 . wLet T be a positive real number. We first infer from 2.8 and 11,
xCorollary 4 that
n w x 2f is relatively compact in C 0, T , L V . 3.1 .  .  . .
 . w xWe also infer from 2.11 and 11, Corollary 4 that
n w x X 2u is relatively compact in C 0, T , V and in L Q . 3.2 .  .  . . T
 .  .  .  .It now follows from 2.8 , 2.11 , 3.1 , and 3.2 that there is a subse-
 n n.   n n..quence of f , u which we will still denote by f , u and functions
 .f, u , l satisfying
f g W 1, 2 0, T , L2 V l L` 0, T , H 1 V , .  . .  .
u g W 1, 2 0, T , V X l L` 0, T , L2 V l L2 0, T , H 1 V , .  .  . .  .
l g L2 0, T , H 1 V , . .
and such that
n w x 2f ª f in C 0, T , L V and a.e. in Q , 3.3 .  . . T
n w x X 2u ª u in C 0, T , V , in L Q and a.e. in Q , 3.4 .  . . T T
ln u n © l in L2 Q . 3.5 .  .T
1 . 4 .  .  .Since H V is compactly embedded in L V , 2.8 and 3.3 yield that
 n. 4 .f converges to f in L Q , henceT
3n 3 4r3f ª f in L Q . 3.6 .  .  .T
Next, since r ¬ ln r is a maximal monotone graph in R with domain
 .  .  . w x0, q` , we infer from 3.4 , 3.5 , and 2 that
u ) 0 and l s ln u a.e. in Q . 3.7 .T
 .  .Therefore, on the one hand, it follows from 3.4 and 3.7 that
1 1
ª a.e. in Q . 3.8 .Tnu u
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 .On the other hand, since lim ln r s q`, we infer from 2.13 thatr ªq`
 n.  w x.  .1ru is uniformly integrable see, e.g., 4, p. 38 . This last fact and 3.8
ensure that
1
1g L Q .Tu
and that
1 1
1ª in L Q 3.9 .  .Tnu u
 w x.see, e.g., 4, p. 36 .
 .Finally, it follows from 2.8 that
1
2 1ª 0 in L 0, T , H V . 3.10 .  . .nnu
 .We are now ready to complete the proof of Theorem 1.1: indeed, 1.9
 .  .  .  .  .  .follows at once from 2.4 , 2.8 , 3.3 , 3.6 , and 3.9 ; and 1.10 is a
 .  .  .  .  .straightforward consequence of 2.5 , 2.8 , 2.11 , 3.4 , and 3.10 . In
 .  .  .  .  .addition, 3.3 and 2.1 ensure that f 0 s f , while 3.4 and 2.1 ensure0
 .that u 0 s u . Finally, the regularity results stated in Theorem 1.1 follow0
from the above analysis. Since T is arbitrary, the proof is complete.
APPENDIX: APPROXIMATION OF u0
LEMMA A.1. Let U be an open bounded subset of R m, m G 1, and
2 .consider a function z g L U which is positi¨ e almost e¨erywhere in U and
1 .  .such that ln z belongs to L U . Then, there exist a sequence z ofn nG1
2 . < < 2functions of H U and a positi¨ e constant g depending on U, z , andL U .
< < 1ln z satisfyingL U .
< < 2lim z y z s 0, A.1 .L U .n
nªq`
1
F z x , x g U, A.2 .  .nn
< < 1ln z F g . A.3 .L U .n
Proof of Lemma A.1. We put
 4Z s min z , 1 , Z s z y Z .1 2 1
We now consider an integer n G 1. Since U has finite Lebesgue measure
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1 .and Z g L U , we infer from the Lusin theorem that there is a function1
 .w g C U with compact support in U such thatn
1
meas x g U, Z x / w x F , A.4 4 .  .  . .1 n n
0 F w F 1. A.5 .n
We put
U s x g U, Z x s w x . 4 .  .n 1 n
Since w is continuous and compactly supported in U, we may extend it byn
mzero to a continuous and compactly supported function w of R . Now,n
using a convolution with a sequence of mollifiers, we may find a C`-smooth
function W such thatn
1
< <W y w F , A.6 .C U .n n 2n
0 F W F 1. A.7 .n
We put
1
z x s W x q , x g U. .  .1, n n n
2 .  .Since U is bounded, z g H U , and we infer from A.7 that1, n
1
F z F 2. A.8 .1, nn
 .  .  .It follows from A.6 , A.5 , and A.4 that
meas U .
1 1< < < < < <z y Z F q W y w q w y Z dx ,L U . L U . H1, n 1 n n n 1n URUn
meas U meas U .  .
F q q 2 meas U R U , .nn 2n
g
1< <z y Z F .L U .1, n 1 n
 .The Holder inequality and A.8 then yieldÈ
g
2< <z y Z F . A.9 .L U .1, n 1 ’n
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 .It next follows from A.6 that
; x g U , z x G Z x . A.10 .  .  .n 1, n 1
 .  .  .Combining A.8 , A.10 , and A.4 , we obtain
Z1
1< <ln z F meas U ln 2 y ln dx q ln 2n dx , .  .  .L U . H H1, n  /2U URUn n
ln 2n .
1< <F g q ln Z q ,L U .1 n
< < 1ln z F g . A.11 .L U .1, n
Now, since Z is nonnegative, a standard procedure yields the existence2
2 .of a nonnegative function z g H U such that2, n
1
2< <z y Z F . A.12 .L U .2, n 2 n
2 .We put z s z q z , which lies in H U . Since z is nonnegative,n 1, n 2, n 2, n
 .  .  .A.2 follows from A.8 . Next A.1 is a straightforward consequence of
 .  .A.9 and A.12 . Finally, since z is nonnegative, we have2, n
z G z . A.13 .n 1, n
 .  .  .We then infer from A.13 , A.11 , and A.1 that
< < 1ln z F y ln z dx q ln z dxL U . H Hn 1, n n
 4  4z F1 z G1n n
< < 1 < < 1F ln z q z ,L U . L U .1, n n
 .hence A.3 .
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